Walks on Directed Graphs and Matrix Polynomials  by Méndez, Miguel A.
Journal of Combinatorial Theory, Series A 91, 531543 (2000)
Walks on Directed Graphs and Matrix Polynomials
Miguel A. Me ndez
Departamento de Matema tica, IVIC, Caracas, Venezuela; and Facultad de Ciencias,
UCV, Caracas, Venezuela
Communicated by the Managing Editors
Received October 27, 1999
dedicated to the memory of gian-carlo rota
We give a matrix generalization of the family of exponential polynomials in one
variable ,k (x). Our generalization consists of a matrix of polynomials 8k (X)=
(8 (k)i, j (X))
n
i, j=1 depending on a matrix of variables X=(x i, j)
n
i, j=1 . We prove some
identities of the matrix exponential polynomials which generalize classical identities
of the ordinary exponential polynomials. We also introduce matrix generalizations
of the decreasing factorial (x)k=x(x&1)(x&2) } } } (x&k+1), the increasing fac-
torial (x)(k)=x(x+1)(x+2) } } } (x+k&1), and the Laguerre polynomials. These
polynomials have interesting combinatorial interpretations in terms of different
kinds of walks on directed graphs.  2000 Academic Press
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1. INTRODUCTION
The formalization of umbral calculus initiated by Mullin and Rota in
[4] was essentially motivated by two problems. The first problem was that
of giving an efficient way of computing the connection constants which
express one sequence of polynomials of binomial type in terms of another.
This problem led to the use of operator methods, and later to the Hopf
algebraic approach to the umbral calculus. The second problem was the
understanding of the by then mysterious combinatorial structures that
some sequences of polynomials of binomial type enumerate. The Abel poly-
nomials enumerate forests, the Laguerre polynomials forests of linear trees,
the exponential polynomials partitions, etc. The key concept introduced in
[4] to explain the combinatorics of binomial sequences was the reluctant
functions. A given class of reluctant functions is defined functorially, and
the binomial identity is interpreted as a natural isomorphism of functors.
In this way, reluctant functions foreshadow the concept of combinatorial
species introduced by Joyal [1]. In this article we study matrix polynomial
generalizations of the following four classical families of binomial type:
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1. The exponential polynomials
2. The decreasing factorials
3. The increasing factorials
4. The Laguerre polynomials
A matrix polynomial is a square matrix of polynomials depending on a
matrix of variables. Our approach is purely combinatorial; we use the
language of combinatorial matrix species introduced in [3]. The four
previuosly mentioned families of matrix polynomials are interpreted in
terms of walks on digraphs, and all the proofs of the algebraic identities we
present are bijective. In this sense, we begin with combinatorics and we
hope a Hopf algebraic approach of the matrix polynomials will be found
soon. The recursive formulas we have obtained for the exponential and
Laguerre polynomials are natural generalizations of the classical Rodrigues
formula.
2. PRELIMINARIES
Denote by [n] the set [1, 2, 3, ..., n]. An arc-labeled digraph G with arc
labels set E and vertices in [n] is a pair (E, v), where E is a finite set and
v is a function
v : E  [n]_[n]=[n]2.
The components of the ordered pair v(e)=(v1(e), v2(e)) are respectively the
initial and final end-points of the arc with label e # E. A digraph (E, v) can
also be identified with a matrix of pairwise disjoint sets
G=(Ei, j)ni, j=1 , Ei, j=v
&1(i, j ). (1)
Denote by |G| the integer matrix ( |v&1(i, j )| )ni, j=1=(|Ei, j | )
n
i, j=1 . Observe
that the cardinal |G| is the adjacency matrix of G.
We denote by 0 the empty digraph and by Id the digraph with n-arcs,
one loop on each vertex.
The direct sum G1+G2 of two digraphs G1=(E, v) and G2=(F, w) is
the directed graph formed by the superposition of the arcs of G1 and G2 .
The product G3=G1 CG2 is the digraph whose arcs are the walks of length
two in G1+G2 , with the first arc in G1 and the second in G2 . Formally
(H, u)=G3 , where H is the subset of the cartesian product E_F of pairs
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(e, f ) such that v2(e)=w1( f ) and u(e, f )=(v1(e), w2( f )). In matrixset
notation
Hi, j= .
n
r=1
+ Ei, r_Fr, s
(see Figs. 1 and 2). It is easy to verify that
|G1+G2 |=|G1 |+|G2 |
|G1 CG2 |=|G1 | } |G2 |,
where the product } on the right is a matrix product.
An isomorphism : : G1  G2 is any incidence-preserving bijection : :E 
F, w(:(e))=v(e) for all e # E. The isomorphism : may be identified with a
matrix of bijections (:i, j)ni, j=1 , :i, j : Ei, j  Fi, j . The directed graphs with
vertices in [n], n fixed, form a category denoted by Gn .
An (n-to-m) matrix species is a functor M: Gn  Gm . Observe that for
m=1, Gm is the category of finite sets and bijections. By using the
representation of a digraph as in Eq. (1), M may be identify with a matrix
(Mi, j)mi, j=1 of n-to-1 (or scalar) matrix species.
By functoriality, the cardinal (adjacency matrix) of M[G] depends only
on the cardinal A=|G|. The generating function of a matrix species M is
the formal power series in a matrix of variables X=(xi, j)ni, j=1 and coef-
ficients in the monoid N[m]
2
of matrices with non-negative integer entries
GenM(X)= :
A # N[n]2
|M[A]|
XA
A!
, (2)
where XA=>ni, j=1 x
ai, j
i, j and A!=>
n
i, j=1 ai, j !.
The generating function (2) can also be represented as a matrix of formal
power series GenM(X)=(GenMi, j (X))mi, j=1 .
FIG. 1. Sum of digraphs.
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FIG. 2. Product of digraphs.
Example 2.1. Let I and X be respectively the identity and the singleton
digraph matrix species.
I[G]={Id0
if G=0
otherwise
(3)
X[G]={G0
if G is a singleton-arc digraph
otherwise
(4)
The generating function of I is the identity matrix I. We have, X=
(Xi, j)ni, j=1 , where Xi, j is the scalar matrix species
Xi, j[G]={[G]<
if G is a singleton-arc digraph from vertex i to vertex j
otherwise (5)
and its generating function is
GenX(X)= :
n
i, j=1
Ei, jXE i, j= :
n
i, j=1
xi, j Ei, j=(GenXi, j (X))ni, j=1=X, (6)
where Ei, j=($(r, s), (i, j ))nr, s=1 . The matrix species Ei, j is defined as follows.
Ei, j[G]={i
* j
0
if G is the empty digraph
otherwise
(7)
GenEi, j (X)=Ei, j .
2.1. Combinatorial Operations
The standard combinatorial operations in ordinary species are extended
to matrix species in a natural way (see [3]). Let F and H be two n-to-m
matrix species. We define
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(F+H)[G]=F[G]+H[G] (8)
F } H[G]= :
G1+G2=G
F[G1]CH[G2] (9)
The product of an n-to-1 matrix species C by an n-to-m matrix species H
is defined by
C } H[G]= :
G1+G2=G
(C[G1]_Hi, j[G2])ni, j=1 . (10)
The partial derivative is defined by
(Di, jF)[G]=F[G+i * j], (11)
where i * j is an extra ‘‘ghost’’ arc added to the digraph G. For m=n, the
operator D=(Di, j)ni, j=1 acts over a matrix species F by left matrix multi-
plication:
DF=\ :
n
r=1
D i, rFr, j+
n
i, j=1
(12)
Similarly, the pointing of a matrix n-to-n species is defined by the action of
the operator X x D
F v =(X x D)F, (13)
where X x D is the matrix of operators (X i, jD i, j)ni, j=1 . We easily verify
that
F v[G]=GCF[G].
The previous combinatorial operations translate into the generating
functions in the standard way (see [1, 3]). We recall the effect of pointing
a matrix species over its generating function
GenF v(X)=(X x D) GenF(X), (14)
where X x D=(xi, j (x i, j ))ni, j=1 .
Remark 1. From Eq. (9) we easily obtain that for any matrix A # N[n]2
|F } H[A]|= :
A1+A2=A
\ AA1 , A2+ |F[A1]| } |H[A2]|, (15)
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where
\ AA1 , A2+=
A!
A1 !A2 !
.
Remark 2. The species X satisfies the combinatorial identity
X= :
n
i, j=1
Xi, j } Ei, j
3. INJECTIVE, BIJECTIVE, AND SURJECTIVE WALKS
An k-walk on a digraph G=(E, v) from i to j is any function w : [k] 
E, v1(w(1))=i, v2(w(m))= j, satisfying
v2(w(i ))=v1(w(i+1)), i=1, 2, ..., k&1.
When w is surjective it is called a surjective walk. An injective walk is
called a path. When w is bijective it is called an eulerian path.
The matrix species of eulerian k-paths is isomorphic to Xk. The matrix
species of eulerian paths is isomorphic to
L=I+X+X2+X3+... .
The generating function GenL(X) is then (see [3])
GenL(X)= :

k=0
Xk=(I&X)&1
The uniform matrix species U is defined by
U[G]=Id for every digraph G.
Denote by Wk , W k , Inj, and Injk , respectively, the matrix species of
k-walks, k-surjective walks, injective paths, and injective k-paths, respec-
tively.
Wk [G] is the digraph whose arcs are the k-walks on G. By the definition
of the star product of digraphs Wk [G]=(G )Ck. Similarly defined are
W k [G], Inj[G], and Injk [G].
Definition 3.1. The matrixexponential polynomial 8k (X) is defined
as the generating function of the matrix species W k .
8k (X)=GenW k (X).
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The matrix decreasing factorial (X)k and the matrix increasing factorial
(X) (k) are defined recursively by
(X)1=X (16)
(X)k= :
n
i, j=1
xi, j Ei, j (X&Ei, j)k&1 (17)
(X)(1)=X (18)
(X) (k)= :
n
i, j=1
xi, j Ei, j (X+Ei, j) (k&1) (19)
For example, the expansion of (X)2 , n=2, is as follows.
\x1, 1x2, 1
x1, 2
x2, 2+2=\
&1
0
0
1+ x1, 1+\
1
0
0
0+ x21, 1+\
0
0
1
0+ x1, 1x1, 2
+\01
0
0+ x1, 1x2, 1+\
1
0
0
1+ x1, 2x2, 1+\
0
0
0
&1+ x2, 2
+\00
1
0+ x1, 2x2, 2+\
0
1
0
0+ x2, 1x2, 2+\
0
0
0
1+ x22, 2 .
(20)
Theorem 3.1. We have the identities (natural isomorphisms of functors)
Wk=W k } U (21)
Inj=L } U (22)
Injk=Xk } U (23)
W k+1=W vk +X } W k . (24)
Proof. Every walk over a digraph G is a surjective walk over some sub
graph G1 of G. Then we have
Wk [G]=:
G1
W k [G1]
where the sum of the right runs over the set of subdigraphs of G. There is
a natural isomorphism between W k [G1] and W k } [G1]CU[G2]=
W [G1]CId, where G2 is the complementary digraph of G1 (G1+G2=G ).
Then we have exhibited an isomorphism :G : Wk [G]  G1+G2=G
W k [G1]CU[G2]=W } U[G]. The second and third identities are proved
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similarly. For the proof of the fourth identity, every surjective walk w of
length k+1 over G is of one of two classes:
1. w(1) # w([2, 3, ..., k+1])
2. w(1)  w([2, 3, ..., k+1]).
In the first case w| [2, 3, ..., k+1] is already a surjective walk of length k;
then it can be thought of as an arc of GC W k [G]=W vk [G]. In the second
case, w consists of a singleton arc (w(1)) followed by a surjective
k-walk (w^|[2, 3, ..., k+1]) over G1=G&w(1), the digraph obtained by delet-
ing the arc w(1) from G. These kinds of walks may be thought of as the
arcs of the digraph X } W k [G]. K
Corollary 3.1. Let A be a matrix with non-negative integer entries.
Then we have
|Injk [A]|=(A)k .
Proof. From Eq. (23) we have the recursion
Injk=X } Injk&1 .
By Eq. (15)
|Injk [A]|= :
n
i, j=1 \
A
Ei, j , A&E i, j+ Ei, j } |Injk&1[A&Ei, j]|
= :
n
i, j=1
a i, jE i, j } |Injk&1[A&Ei, j]|. (25)
Since |Inj1[A]|=A, by the definition of decreasing factorials (Eqs. (16)
and (17)), the result follows. K
Corollary 3.2. We have the identities
8k (X)=exp \& :
n
i, j=1
xi, j+ . :A # N[n]_[n] A
k X
A
A!
(26)
GenInj(X)=exp \ :
n
i, j=1
xi, j+ (I&X)&1 (27)
GenInjk (X)=exp \ :
n
i, j=1
xi, j+ Xk (28)
8k+1(X)=(X x D) 8k (X)+X } 8k (X). (29)
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Proof. Equation (29) is obtained by taking generating functions in
Eq. (24). Equations (26), (27), and (28) are obtained in the same way
respectively from Eqs. (21), (22), and (23) after one computes the generat-
ing functions
GenU(X)=exp \ :
n
i, j=1
xi, j+ } I (30)
GenW(X)= :
A # N[n]_[n]
Ak
XA
A!
. K (31)
For example, the expansion of
82 \x1, 1x2, 1
x1, 2
x2, 2+ ,
obtained using the recursion of the previous corollary, is as follows:
82 \x1, 1x2, 1
x1, 2
x2, 2+=\
1
0
0
0+ x1 , 1+\
1
0
0
0+ x21, 1+\
0
0
1
0+ x1, 1 x1, 2
+\01
0
0+ x1, 1x2, 1+\
1
0
0
1+ x1, 2x2, 1+\
0
0
0
1+ x2, 2
+\01
0
0+ x2, 1x2, 2+\
0
0
0
1+ x22, 2 . (32)
Definition 3.2. The Stirling matrix of the first kind s(k, A) is the coef-
ficient of XA in the expansion of (X)k . Similarly, the Stirling matrix of the
second kind S(k, A) is defined as the coefficient of XA in 8k (X). By the
definition of 8k (X), S(k, A) A! is the adjacency matrix of the digraph of
surjective walks over a digraph whose adjacency matrix is A.
Using formulas (26, 29), we obtain the following proposition.
Proposition 3.1. The Stirling matrix of the second kind satisfies the
relations
S(k, A) A!= :
A1+A2=A
\ AA1 , A2+ (&1)(A1)Ak2 (33)
S(k+1, A)=A } S(k, A)+ :
ai, j>0
Ei, j } S(k, A&Ei, j), (34)
where (A) is the sum of the entries of A.
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Definition 3.3. Let ? be a partition of [k] and v^ a function
v^ : ?  [n]2. The digraph (?, v^) is said to be order compatible if for every
i # [k&1] we have that if B and C are the blocks of ? such that i # B and
i+1 # C, then v^2(B)= v^1(C). Let B1 and Bk be respectively the blocks of ?
such that 1 # B1 , k # Bk . The order compatible digraph (?, v^) is said to be
of type (i, j ) if v^1(B1)=i and v^2(Bk)= j.
Proposition 3.2. The Stirling matrix of the second kind has the follow-
ing combinatorial interpretation. Si, j (k, A) is the number of order compatible
digraphs over [k] of type (i, j ), and having adjacency matrix A.
Proof. Si, j (k, A) A! is the number of surjective i-to-j walks f : [k] 
(E, v) on a digraph (E, v), with |(E, v)|=A. Let ? be the partition on [k]
defined by the preimages of f. For B # ? define v^(B)=v( f (B)). The function
: ?  E, (B)= f (B) defines a digraph isomorphism from (?, v^) to (E, v).
It is routine to verify that (?, v^) is an order compatible digraph of type
(i, j ) and that the surjective walk f is uniquely recovered from the pair
((?, v^), ). The result follows since the number of isomorphisms  is A!. K
4. PATRIOTIC WALKS AND LAGUERRE POLYNOMIALS
In the imaginary country Patrizuela, on each road connecting two towns
there are two flagpoles, one beside each way of the road. To a patriotic
dealer of Patrizuela are given k flags (all of them Patrizuelan flags;
otherwise he would not be patriotic), but numbered from 1 to k to make
them distinguishable. The patriotic dealer has been instructed to walk
around the country and to hoist all the flags, the jth flag on the corre-
sponding flagpole of the jth road in the direction he crosses it on his walk.
The same road may be crossed many times in the same way, and many
flags (in any order) may be hoisted on the same flagpole. The question is
the following: given the adjacency matrix A of the digraph of the roads of
Patrizuela, and the number k of flags, in how many ways can it be done?
This problem is the natural generalization, in the context of digraphs, of
the problem of counting dispositions. Dispositions are functions in which
the preimage of each element of the codomain is enriched with a linear
order. The Laguerre polynomials are the exponential generating functions
of the surjective dispositions evaluated at &x (see [4]).
Denote by Pk the matrix species of patriotic k-walks. Pk assigns to a
digraph G the digraph of k-patriotic walks over G. Formally, a k-patriotic
walk is a pair (w, [le | # E ]), where w is a k-walk and each le is a linear
order on the possibly empty set w&1(e).
Denote by P k the species of surjective patriotic k-walks.
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Proposition 4.1. The matrix species Pk and P k satisfy the formulas
Pk+1=(X x D2 ) Pk (35)
P1=X } U (36)
Pk=P k } U (37)
P k+1=(X+2X x D+X x D2 ) P k , (38)
where X x D2 is the matrix operator (Xi, jD2i, j)
n
i, j=1 .
Proof. The entry i, j of the right hand side of (35) evaluated at a
digraph G is equal to
:
n
r=1
:
G1+G2=G
Xi, r [G1]_(D2i, r Pk)r, j [G2]
:
n
r=1
:
a # Ei, r
[i wa r]_(Pk)r, j [(G&i w
a r)+i *1wr+i *2wr]. (39)
The elements of this set are pairs of the form (i a r, (w, [le | e #
(E&a) _ [V1 , V2]])), where i a r is an arc of G and (w, [le | e #
(E&[a]) _ [V1 , V2]]) is a patriotic walk of length k over the digraph
(G&i a r)+i *1 r+i *2 r. Consider now the walk w~ constructed by
adding i a r to w, as the first element of the walk and substituting any
appearance of i *1 r and of i *2 r by i a r. Clearly, w~ is a walk of
length k+1 over G. Let [l e | e # E ] be the family of linear orders defined
as
l e={lel
*1
+1+l
*2
if e{a
otherwise,
(40)
where the plus sign means concatenation of linear orders. The corre-
spondence
: i, jG : (i 
a r, (w, [le | e # (E&[a]) _ [V1 , V2]]) [ (w~ , [l e | # E ])
is a natural bijection from the entry i, j of (X x D2 ) Pk [G] to the respec-
tive entry of Pk+1 [G]. Its inverse,
(: i, jG )
&1 : (w~ , [l e | # E ]) [ (i 
a r, (w, [le | e # (E&[a]) _ [V1 , V2]])),
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acts as follows:
1. i a r is the first element of w~ .
2. w is the k-walk obtained by deleting the first arc of w~ and sub-
stituting any other appearance of i  a r in w~ (w~ (s)=a, s # [2, 3, ..., k+1])
by i *1 r if s precedes 1 in l a and by i *2 r otherwise.
3. The family of linear orders [le | e # (E&[a]) _ [V1 , V2]] is con-
structed as follows: le=l e for e # E&[a], l*1 is the segment of l
 a formed by
the elements that precede 1, and l
*2
is the final segment of l a formed by the
elements that are preceded by 1.
We have proved (35). The proof of the rest of the formulas is similar to
the proof of Theorem 3.1. K
Corollary 4.1. The number of patriotic k-walks over a digraph with
adjacency matrix A is equal to the increasing factorial (A)(k).
Proof. Since the operator X x D2 can be written as ni, j=1Xi, jE i, jD
2
i, j ,
by formula (35),
|Pk[A]|= :
n
i, j=1
:
A1+A2=A
\ AA1 , A2+ |Xi, jEi, j[A1]| |Pk&1[A2+2Ei, j]|
= :
n
i, j=1
a i, jEi, j |Pk&1[A+Ei, j]|. (41)
By (36), |P1[A]|=A. This is the same recursion that defines (A) (k). K
Definition 4.1. Let k (X) be the generating function of P k . The
Laguerre matrix polynomials are defined by Lgk (X)=k (&X).
Taking generating functions in the identities of Proposition 4.1, we
obtain the following.
Corollary 4.2.
GenPk (X)=(X x D2 )k exp \ :
n
i, j=1
xi, j+ .I (42)
k (X)=exp \& :
n
i, j=1
xi, j+ (X x D2 )k exp \ :
n
i, j=1
xi, j+ } I (43)
k+1(X)=(X+2X x D+X x D2 ) k (X). (44)
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